ABSTRACT. We prove some common fixed point results for four mappings satisfying generalized weak contractive condition in partially ordered complete b-metric spaces. Our results extend and improve several comparable results in the existing literature
Introduction and preliminaries
The concept of b-metric space was introduced by Czerwik in [9] . Since then, several papers have been published on the fixed point theory of various classes of single-valued and multi-valued operators in b-metric spaces (see also [5, 6, 23] ). Pacurar [19] proved some results on sequences of almost contractions and fixed points in b-metric spaces. Hussain and Shah [12] obtained some results on KKM mappings in cone b-metric spaces. Recently, Khamsi [15] and Khamsi and Hussain [16] have dealt with spaces of this kind, although under different names (in the spaces called "metric-type") and obtained (common) fixed point results. In particular, they showed that most of the new fixed point existence results of contractive mappings defined on such metric spaces are merely copies of the classical ones.
Consistent with [9] and [23] , the following definitions and results will be needed in the sequel.
Ò Ø ÓÒ 1.1º ( [9] ) Let X be a (nonempty) set and s ≥ 1 be a given real number. A function d : X × X → R + is a b-metric iff, for all x, y, z ∈ X, the following conditions are satisfied: It should be noted that, the class of b-metric spaces is effectively larger than that of metric spaces, since a b-metric is a metric when s = 1.
Here we present an example to show that in general a b-metric need not necessarily be a metric, (see also [23: p. 264 Thus, for each x, y, z ∈ X we obtain
So condition (b 3 ) of Definition 1.1 is satisfied and ρ is a b-metric. However, if (X, d) is a metric space, then (X, ρ) is not necessarily a metric space.
For example, if X = R is the set of real numbers and d(x, y) = |x − y| is the usual Euclidean metric, then ρ(x, y) = (x − y) 2 is a b-metric on R with s = 2, but is not a metric on R.
Also the following example of a b-metric space is given in [16] .
Example 2º ( [16] ) Let X be the set of Lebesgue measurable functions on [0, 1] such that
Then D satisfies the following properties
M. A. Khamsi [15] also showed that each cone metric space has a b-metric structure. In fact he proved the following interesting result.
Ì ÓÖ Ñ 1.1º ([15] ) Let (X, d) be a metric cone over the Banach space E with the cone P which is normal with the normal constant K. The mapping
Now let us review some results on weak contraction mappings, related to the existing literature. Alber and Guerre-Delabriere [3] defined weakly contractive mappings on a Hilbert spaces and established a fixed point theorem for such mappings.
Let (X, d) be a metric space. A self-mapping f on X is said to be weakly contractive if
for all x, y ∈ X, where ϕ :
is a continuous and non-decreasing function so that ϕ(t) = 0 if and only if t = 0. Rhoades [22] obtained the following result.
weakly contractive mapping, then f has a unique fixed point.
Dutta and Choudhury [11] generalized the weak contractive condition and proved the following fixed point theorem which in turn extends Theorem 1.3 and the corresponding result in [3] . 
. Then there exists a unique point u ∈ X so that u = fu = gu. The existence of fixed points in partially ordered metric spaces was first investigated in 2004 by Ran and Reurings [21] , and then by Nieto and Lopez [18] . Further results in this direction were proved in [2, 4, 8, 17] .
Recently, Radenović and Kadelburg [20] proved the following result. 
Then f and g have a common fixed point provided that one of the following conditions is satisfied:
The purpose of this paper is to obtain a common fixed point theorem for four self-mappings satisfying a generalized weak contractive condition in ordered b-metric spaces. Our results extend, unify and generalize the comparable results in [10, 17, 20, 24] . We also need the following definitions:
Ò Ø ÓÒ 1.2º ([14] ) Let f and g be two self-maps on a nonempty set X. If Example 4º Let X = [0, 1] be endowed with the usual ordering and f : X → X be defined by fx = x n for some n ∈ N.
Therefore f is a dominated map.
ASADOLLAH AGHAJANI -MUJAHID ABBAS -JAMAL REZAEI ROSHAN
Before stating and proving our results, we need the following definitions and propositions in b-metric space. We recall first the notions of convergence, closedness and completeness in a b-metric space. (p 1 ) a convergent sequence has a unique limit, 
Common fixed point results
Since in general a b-metric is not continuous, we need the following simple lemma about the b-convergent sequences in the proof of our main result. Ä ÑÑ 2.1º Let (X, d) be a b-metric space with s ≥ 1 , and suppose that {x n } and {y n } are b-convergent to x, y respectively, then we have
Using the triangle inequality in a b-metric space it is easy to see that
Taking the lower limit as n → ∞ in the first inequality and the upper limit as n → ∞ in the second inequality we obtain the first desired result. Similarly, using again the triangle inequality the last assertion follows. 
is satisfied where P r o o f. Let x 0 be an arbitrary point in X. Since fX ⊆ T X and gX ⊆ SX, we can define inductively the sequences {x n } and {y n } in X by
By given assumptions
where
(2.4) So from (2.3) and (2.4), we obtain
which gives ϕ(d(y 2k+1 , y 2k+2 )) ≤ 0 and so y 2k+1 = y 2k+2 which further implies that y 2k+2 = y 2k+3 . Thus {y n } becomes a constant sequence and y 2k is a common fixed point of f, g, S and T .
COMMON FIXED POINT OF MAPPINGS IN PARTIALLY ORDERED B-METRIC SPACES
Now take d(y 2n , y 2n+1 ) > 0 for each n. Since x 2n and x 2n+1 are comparable, from (2.1) we have
, y 2n+1 ) and from (2.1) we have
and ϕ(d(y 2n+2 , y 2n+1 )) ≤ 0 or equivalently d(y 2n+2 , y 2n+1 ) = 0, a contradiction. (y 2n+1 , y 2n ) . By similar arguments, we have
Therefore {d(y n , y n+1 )} is a non-increasing sequence and so there exists r ≥ 0 so that lim
Suppose that r > 0. Since we have
then taking the upper limit as n → ∞ it implies that
Now we prove that {y n } is a Cauchy sequence. To do this, it is sufficient to show that the subsequence {y 2n } is Cauchy in X. Assume on the contrary that {y 2n } is not a Cauchy sequence. Then there exists ε > 0 for which we can find subsequences {y 2m k } and {y 2n k } of {y 2n } so that n k is the smallest index for
Using the triangle inequality in b-metric space and (2.10) we obtain that
Taking the upper limit as k → ∞ and using (2.8) we obtain
On the other hand, we have
So from (2.8) and (2.11) we have lim sup
Using (2.11), (2.12) and (2.13) we get
By the definition of M s (x, y) and from (2.8) and (2.15) we obtain ε 2s
Indeed we have,
Taking the upper limit as n → ∞, and using (2.8) and (2.15) we get ε 2s
Similarly, we obtain
As,
taking the upper limit as k → ∞, and from (2.14) and (2.16) we obtain
which implies that (2.17) and it follows that {y 2n } is a Cauchy sequence in X. Since X is complete, there exists y ∈ X so that
Now, we can show that y is a common fixed point of f , g, S and T . As Sx 2n+2 = gx 2n+1 x 2n+1 so from (2.1) we obtain
18) where
2s . Now, by using Lemma 2.1 we get
Hence by taking the upper limit in (2.18) and using Lemma 2.1 we obtain
which gives ϕ(s 2 d(Sy, y)) ≤ 0 or equivalently Sy = y. Now, since gx 2n+1
x 2n+1 and gx 2n+1 → y as n → ∞, then y x 2n+1 and from (2.1) we have,
where,
contrary that, fu = gu = Su = T u = u and fv = gv = Sv = T v = v but u = v. By assumption, we can apply (2.1) to obtain
The converse is obvious.
Remark 1º
As the referee has pointed out, J. Jachymski [13] showed that the usage of ψ in the contractive conditions is often redundant for several classes of mappings both on metric spaces and ordered metric spaces. Checking the proof of Theorem 4 in [13] , it turns out also that in this case (ordered b-metric space) we can replace ψ in (2.1) by the identity map to obtain an equivalent contraction condition, if we add the extra condition lim inf Define self-maps f , g, S and T on X by
Then f and g are dominated maps and S and T are dominating maps with f (X) ⊆ T (X) and g(X) ⊆ S(X), i.e., f is dominated map g is dominated map
Also, the pair {g, T } is compatible, g is continuous and {f, S} is weakly compatible. t for all t ∈ [0, ∞). Now we shall show that f, g, S and T satisfy (2.1). We consider the following cases: 
4 , 1 and y ∈ 0, If for every non-increasing sequence {x n } and a sequence {y n } with y n x n for all n and y n → u, it implies that u x n , then f and g have a common fixed point. Moreover, the set of common fixed points of f and g is well ordered if and only if f and g have one and only one common fixed point. P r o o f. If we take S and T as the identity maps on X and ψ(t) = t for t ∈ [0, ∞), then from Theorem 2.1 it follows that f and g have a unique common fixed point.
Remark 2º
Since a b-metric is a metric when s = 1, so our results can be viewed as the generalization and extension of corresponding results in [10, 11, 24] and several other comparable results.
